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Abstract 

We formulate a quantum coherent state picture for topological and non- 
topological solitons. We recognize that the topological charge arises from 
the infinite occupation number of zero momentum quanta flowing in one 
direction. Thus, the Noether charge of microscopic constituents gives rise 
to a topological charge in the macroscopic description. This fact explains 
the conservation of topological charge from the basic properties of coherent 
states. It also shows that no such conservation exists for non-topological 
solitons, which have finite mean occupation number. Consequently, they can 
have an exponentially-small but non-zero overlap with the vacuum, leading 
to vacuum instability. This amplitude can be interpreted as a coherent state 
description of false vacuum decay. Next we show that we can represent 
topological solitons as a convolution of two sectors that carry information 
about topology and energy separately, which makes their difference very 
transparent. Finally, we show how interaction among the solitons can be 
understood from basic properties of quantum coherent states. 


1. Introduction 

From the very early days of soliton physics it has been suspected that 
quantum solitons should be thought of as some sort of quantum coherent 
states. As quantum coherent states they are many quanta systems with 
an average number of quanta N that scales as the inverse of the relevant 
coupling. Therefore, in the strong coupling regime this picture of the soliton 
as a quantum coherent state looses its meaning and we are forced to think 
of the quantum soliton as a fundamental particle of a potential dual theory. 
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This is, for instance, the case in two dimensions, where Thirring fermions 
are the strong coupling version of Sine Gordon solitons 0 0 - In this case 
what we identify as topological charge in the weak coupling, becomes simply 
fermion number in the strong coupling. 

An obvious difficulty in identifying the quantum soliton state lies in un¬ 
derstanding the quantum meaning of the topological charge that is normally 
introduced in purely classical terms. In the weak coupling, where we expect 
to have a good quantum coherent state representation of the soliton, it is a 
priori not clear how to distinguish the quanta accounting for the topological 
charge from those that account for the energy. 

Intuitively it is clear that, if solitons were to admit some quantum co¬ 
herent state description, the dominant contribution to the energy should 
come from the constituents of the wavelength comparable to the Compton 
wavelength (m -1 ) of the quanta of the theory, with their mean occupation 
number scaling as inverse of the coupling. At the same time, we should 
expect that a very different type of quanta is responsible for the topology. 

In the present paper, we shall clarify this distinction by developing a 
coherent state picture of topological and non-topological solitons in 1 + 1- 
dimensional theory. We shall follow the general strategy outlined in 0, 
in which the coherent state is constructed by using the classical Fourier- 
expansion data of the soliton. However, we shall carefully identify and sep¬ 
arate topological and energetic ingredients. 

We show that the contribution to the soliton mass indeed comes from 
the quanta of wavelength ~ m -1 with the mean occupation number given 
by the inverse coupling. At the same time, we observe that the origin of 
the topological charge is dramatically different. Namely, it comes from the 
infinite wavelength quanta with the net momentum flow in one direction. 
The occupation number of these topology-carriers is infinite. In other words, 
the mean-occupation number of the coherent state constituents, N^, as a 
function of momentum k exhibits a pole in zero momentum limit, ~ 

1/k. This divergence in the occupation number of infinite wavelength quanta 
with net momentum flow is the quantum origin of topology. We can think 
of it as a Bose sea of such quanta. 

The conservation of the topological charge then trivially follows from 
the basic properties of coherent states. Namely, from the property that the 
projection of an infinite occupation number coherent state on any finite- 
number state vanishes. Due to this, the topological soliton has zero overlap 
with any state from the topologically-trivial vacuum sector, since such states 
have no singularities in net occupation numbers. 

This divergence is absent for non-topological solitons, and correspond- 
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ingly their overlap with the vacuum is non-zero, but exponentially small. 
This overlap can be viewed as a coherent state description of the false vac¬ 
uum instability. 

In order to make the distinction between the topological and energetic 
constituents, it is useful to describe the soliton as a convolution of the two 
sectors, i.e., 


soliton = ( topology ) * ( energy ) . 

This way of thinking allows to represent a soliton coherent state as a tensor 
product of two states, |soZ) = 11) <S> |-E 1 ), one (|t)) describing the topology and 
the other (| E)) the energy. This representation allows to directly observe 
that the key difference between topological and non-topological solitons is 
encoded in the nature of the |f)-state. 

We perform different consistency checks, and show that certain known 
properties of solitons, e.g., the exponentially weak interaction among sep¬ 
arated solitons can be nicely understood from basic properties of coherent 
states. 

Although we limit our analysis to 1 + 1-dinrensional theory, the basic 
results of our construction can be easily generalized to solitons in arbi¬ 
trary number of dimensions. These generalizations show that the emergence 
of topological charge from the divergence in occupation number of infinite 
wavelength quanta with net momentum (or angular momentum) flow is an 
universal property. 

2. Coherent State Picture of Non-Topological Soliton 

In order to clearly identify the role of topology, we confront corpuscular 
resolutions of non-topological and topological solitons. We start with non- 
topological solitons. 

Consider a 1+1-dinrensional theory of a classical field (xo = t, x\ = 

x) with the Lagrangian 

£ = ( d^) 2 - m 2 (j ) 2 + g 2 ^ , (1) 

where m 2 ,g 2 > 0. This theory has a classically-stable vacuum at (j) = 0, 
but becomes unstable for large field values. Correspondingly, there is a static 
soliton solution which describes a local (in x) excursion of the field, from 
the point 4> = 0 to the point <f> = m/g and back. 

If we think of the coordinate x as time, the soliton configuration describes 
a classical evolution of the field in the inverted potential. The field starts at 
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(j) = 0 at x = —oo, reaches the point cf> = m/g at x = 0 and bounces back 
reaching the point <f> = 0 at x = +oo. The soliton solution is given by 


m 


c p c (x ) = —sech(mx), 


( 2 ) 


which, as said above, describes an excursion of the field across the barrier 
and back. The energy of the configuration is 


Enon—top — 


4m 3 

w 


( 3 ) 


Expanding the classical solitonic field in a plane wave basis ( 2nR is the 
regularized volume of space), 


<f>c(x) = v/R J 


dk 


\/ 4vr|/c| 


0 e lkx a k + e~ lkx a* k ) 


( 4 ) 


the a k and at are c-number functions of momentum k that satisfy 
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/ irk \ 


a k a k = 7r^r—sech [ -— | . 


( 5 ) 


R g 2 \2mJ 

Using this representation, the classical energy of the soliton takes the form, 
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/ |*| 

Jk 


C^k^k : 


( 6 ) 


where f k = R f dk. 


We now wish to represent the soliton as a quantum coherent state, | sol). 
The natural way of doing this is to identify the Fourier expansion coefficients 
of the classical field, ak, with the expectation values of Fock space operators 
dki 

(sol\a k \sol) = a k , (7) 

satisfying the creation-annihilation algebra 

= d k k l , ( 8 ) 


for momenta k. k!. 

The operators d\.,d k should not be confused with creation and annihi¬ 
lation operators of asymptotic propagating quanta of the theory. Rather, 
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they create and destroy solitonic constituents, which have very different dis¬ 
persion relation as compared to the free quanta. A more detailed discussion 
on the nature of these constituents will be given below in section four. 

It then follows, from the general properties of coherent states, that |scV) 
must be a tensor product of coherent states for different k, 

I sol) = K), (9) 

where |«fc) is a coherent state for momentum mode k, 


| a k ) = e-5l“*lV* at |0) 


=-|KI 2 



( 10 ) 


Here | n k ) are number eigenstates of corpuscles with momentum k. 

Defining the particle number operator in the standard way, IV f. = a\a k , 
it is clear that the quantity, = (sol\a\,a k \sol) = a* k a k counts the mean 
occupation number of corpuscles of momentum k in the state |soZ). Corre¬ 
spondingly, the quantity 

N = f N k = f a* k a k (11) 

Jk Jk 


is the total mean occupation number. Using © and 
total mean occupation number of corpuscles and the 
are given by 

N = [ N k 
Jk 


m 2 /log(2)8 
g 2 \ n 


©, we find that the 
energy of the soliton 

( 12 ) 


and 
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(13) 


respectively. 

Thus, the dominant contribution both to the number N as well as to 
the mass of the soliton comes from the corpuscles of the momentum k < m. 
They also set the size of the soliton as ~ m -1 . The fact that the number (1121) 
is finite for non-topological solitons has very important consequences for the 
quantum description. This finiteness is the reflection of the fact that the non- 
topological soliton carries no conserved quantum number. Correspondingly, 
the vacuum is not protected against the instability of soliton-creation! In 
fact, this instability reflects the fact that the vacuum 6 = 0 is not a true 
vacuum of the theory and decays via bubble-nucleation [J]. We shall discuss 
this in the next section. 
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2.1. Consistency Check: Quantum Nucleation of Non-Topological Soliton 
and Vacuum Decay 

Let us evaluate the amplitude of quantum fluctuations that creates a 
soliton out of the vacuum state. This amplitude is given by the overlap 
between the vacuum |0) and the soliton |soZ). In the coherent-state picture 
this overlap is equal to 

N 

(0|soZ) = e~. (14) 

Notice, that this expression is universal for any coherent state. The differ¬ 
ence is only in the number N. 

For a non-topological soliton, using (1121) and restoring powers of h, we 
obtain the following scaling of the exponential amplitude 

_ m 1 2 

(0| sol) = e , (15) 


where we have ignored the order one numerical coefficient of (1121) . This 
amplitude is zero only in the classical limit, in which h —>• 0 and m,g are 
kept finit^E 

This result has a very interesting physical meaning and amounts to the 
fact that quantum-mechanically the vacuum cj) = 0 is unstable. In this 
respect, the possibility of non-topological soliton-creation reflects the insta¬ 
bility of the cf> = 0 vacuum at the quantum level. 

Notice, that in the semi-classical limit, in which the classical field con¬ 
figuration is not resolved as a coherent state, the decay goes through the 
nucleation of a critical bubble which must have the same classical energy as 
the vacuum <f = 0, and thus, cannot be static. This “bubble” is a configu¬ 
ration that interpolates between <j> = 0 and (j) = <f>* > m/g in order to have 
the zero total energy. But quantum-mechanically the decay can go through 
the intermediate creation of other coherent states, such as the above static 
soliton, since none of them is a true energy eigenstat^l . 

Only in the classical limit (N —>• oo), the non-topological soliton becomes 
an energy eigenstate and correspondingly the amplitude (1141) vanishes in this 


1 In our notations, m is the frequency of a classical field oscillation and it is non¬ 
vanishing in the limit h = 0. The mass of a quantum excitation (energy of a one-particle 
state) is hm which consistently vanishes in the classical limit. 

2 Notice, that the channel of decay through static soliton nucleation is not necessarily 
a new channel, since we never proved that this coherent state and the one corresponding 
to the critical bubble of zero classical energy are orthogonal. To resolve the latter as a 
coherent state is a bit more complicated because of the lack of the exact classical solution. 
It would be interesting to study this issue further. 
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limit. This is a very important result of how the coherent state picture tells 
us about the instability of the vacuum. In other words, the moment we 
declare that the static soliton exists and is represented as a coherent state 
of finite occupation number, it can be nucleated out of the vacuum and lead 
to its instability. 

3. Coherent State Picture of Topological Soliton 

The next example we want to consider is a soliton with non-zero topo¬ 
logical charge. For this we have to slightly modify the Lagrangian (]Tj) in 
order to create two degenerate stable minima. The new Lagrangian reads 

C = ( d M </>) 2 - g 2 (0 2 - m 2 / g 2 ) 2 . (16) 

This theory has two degenerate minima at <f> = ±m/g and there is a solution 
that connects the two. Again, this soliton corresponds to the motion of a 
particle in an inverted potential in time x. The particle starts at cf> = ±m/g 
at x = —oo and reaches i = ^m/g at x = +oo. The solution is described 
by a kink or an anti-kink, 

TTl 

(j> c (x) = ± — tanh(xm). (17) 

Repeating exactly the same construction as in the case of the non- 
topological soliton, we shall now represent the kink as a coherent state Q 
with the occupation number data fixed by matching it with the coeffi¬ 
cients of the Fourier expansion of the soliton field (J4]). For the topological 
soliton (1171) this matching gives 

Nk = a ‘- ak = ’ r fl^ csc1 ' 2 (£) • (18) 

The mass of the soliton is correspondingly 



Notice, that unlike the non-topological case, the occupation number 
exhibits a 1/fc-type singularity for small k. This singularity is very impor¬ 
tant and is the quantum mechanical manifestation of the topological charge. 
Due to it, in case of the topological soliton, the total number N exhibits a 
logarithmic divergence for small k, 

N = f dkNk ~ log(/co)|fc D ^o oo . (20) 

J ko 
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Notice, that the quanta with k —>• 0 contributing to this divergence do not 
contribute to the energy of the soliton (1191) to which the contribution from 
small k -s vanishes. The infrared quanta only contribute to the topological 
charge. This divergence ensures that topological charge is conserved in a 
full quantum theory. 

In particular, creation of a topological soliton out of the vacuum, unlike 
the non-topological one, is impossible in the quantum theory. The coherent 
state corresponding to this soliton, even for finite h, has infinite occupation 
number of zero momentum modes. Correspondingly, the soliton-creation 
amplitude vanishes already at the quantum level. To see this it is enough 
to substitute in (fT4|) the expression (120]) . We get 

(0| sol) = e~^°° . (21) 

Although the zero momentum modes give vanishing contribution to the 
soliton mass <tm they play the crucial role for the conservation of the 
topological charge, as it is clear from (12T1) . 

Thus, the following quantum picture emerges. Classically, the topo¬ 
logical charge of the soliton comes from the boundary behaviour of the 
field which asymptotes to different constant values for x = Too. Corre¬ 
spondingly, in quantum description this charge is determined entirely by 
the infinite-wavelength corpuscles. The occupation number of k = 0 modes 
is infinite which ensures that topological charge is not subject to quantum 
fluctuations. 

In contrast, the mass of the soliton gets the dominant contribution from 
k < hm modes. The mean occupation number of such modes is finite 
(N m ~ El- Because of their finite number the contribution of these 
modes to physical processes is in general subject to quantum fluctuations. 
Consequently, the quantities that are determined classically by the mass 
of the soliton are expected to be subjected to quantum corrections in the 
quantum picture. 

4. Corpuscular Creation and Annihilation Operator Algebra 

As advertised in section 2, we will now clearly define what we mean by 
corpuscular quanta and why these are completely different from perturbative 


3 We mean that the contribution of the modes with momentum 0 0 k < e to the mass 
of the soliton is ~ e and is negligible for e m. Whereas, the contribution of the same 
modes to the topological charge is dominant no matter how small e is. 
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5-matrix states. For that purpose, we shall present the basic steps leading 
to the identification of the corpuscular creation and annihilation operator 
algebra (see equation <[8j)) on the basis of which we define the coherent state 
quantum portrait of the classical solitons. In order to do that it would be 
convenient, following Coleman jl|, to work in quantum field theory in the 
Schrodinger picture. Notice, however, that in explicit applications we do 
not need this particular construction. Rather it can be viewed as a formal 
way of defining a conjugated momentum in the Schrodinger picture based 
on the algebra of operators. 

Due to locality the set of commuting observables are <fi(x) where as be¬ 
fore x denotes the spatial coordinate. Let us introduce a generic function 
u(k) that we shall not fix for the time being and a formal algebra of anni¬ 
hilation and creation operators dfc,aj', with the usual commutation relations 
associated with this u(k). The operator aj. creates quanta with momentum 
k relative to a vacuum state |0) defined by Ofc|0) = 0. We shall refer to 
this algebra as the corpuscular algebra and to the corresponding Fock space 
Fuj(k) as the corpuscular Fock space. 

Let us now define the quantum held operators as 

to =Vr[ dk j- -— (a k e~ lkx + a[e ikx ) . (22) 

J y47 Tu(k) 

Note, that we can formally define a canonical momentum in terms of the 
creation and annihilation operators as follows: 

tc(x) = i f dk\f2u{k){ake~ lkx — a\.e lkx ). (23) 

v2vr R J 

The dynamics, i.e. the time evolution, is introduced once we identify the 
Hamiltonian operator. In particular, for a generic state |s) we have 

&s(x,t) = {s(t)\4>(x)\s(t )), (24) 

where | s(t)) is defined by idt\s(t)) = H\s(t)) for H being the Hamiltonian 
of the system. 

In contrast, if we are working perturbatively around a classical non- 
solitonic vacuum we define the free Hamiltonian Hq relative to the no¬ 
tion of asymptotic S-matrix particles and we introduce creation and an¬ 
nihilation operators St, 6*, for these particles. In terms of these operators, 
Hq = ooo(k)b\.bk, and the full Hamiltonian is H = iLo+interaction terms. 
The uj o(k) is fixed by the dispersion relation for the asymptotic S-matrix 
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particles. In order to write the former quantum operator <f>(x) in terms of 
the 5-matrix algebra of b k ,b\. we need to relate b k ,b\, i.e., the asymptotic 
5-matrix algebra, and the corpuscular algebra d k . aj,. 

Before doing this let us use the corpuscular algebra to define a coherent 
state | sol), such that 

(sol\4>(x)\sol) = 4> c (x). (25) 

This is what we have done in the previous sections and this procedure effec¬ 
tively reduces to defining the coherent state in terms of the Fourier compo¬ 
nents of the classical configuration as follows, 

a k \sol) = a k \sol). (26) 

Here the a k are again the Fourier components. As a coherent state, the 
energy of this state is simply given by 

E = R J dku(k)N k , (27) 

where N k = |afc| 2 . Matching with the classical energy of the BPS solution, 
E = / dx(dcj) c (x)) 2 , we obtain uj(k) = |fc| as the dispersion of the corpuscle^]. 

Note that this corpuscular dispersion relation is generically very differ¬ 
ent from the dispersion relation of the 5-matrix free particles. This makes 
explicit that the corpuscles in terms of which we define the soliton as a coher¬ 
ent state and the 5-matrix particles are very different entities. In particular, 
the corpuscles do not define asymptotic 5-matrix states. 

The situation is crudely analogous to defining quarks as constituents of 
a baryon in QCD with IV c -colors. The constituents have the wavelengths of 
the size of baryon (i.e., inverse QCD scale), but obviously, their dispersion 
relations have nothing to do with the ones of the asymptotic 5-matrix states. 

Now we can try to unveil the relation between the corpuscular algebra 
and the 5-matrix algebra. The relation is given by the BPS condition on 
the soliton coherent state, 

(sol\H(bk,b\.)\sol) = (sol\ / dku>(k)a\a k \sol) . (28) 

Of course, this relation is a highly non-linear relation between the 5-matrix 
quanta b k ,b' k and the corpuscles a k , a\. In particular, notice that the vacuum 
of the corpuscular algebra is not the 5-matrix vacuum. 


4 Note, that this is twice the usual kinetic part of the energy. This, of course, does not 
correspond to a free Hamiltonian, but is rather a consequence of the non-trivial relation 
between kinetic and potential energy on the BPS equation. 
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In other words, the free 5-matrix quanta bk,b\ and the solitonic cor¬ 
puscles diagonalize the Hamiltonian on two very different states, the 

perturbative vacuum and the soliton-state, respectively. 

Only on the soliton state we get the basic relation (1281) . Note also that 
the corpuscular algebra is defined in terms of the particular soliton we want 
to describe. We shall have to say a couple more words on the precise nature 
of these corpuscles in the next section. 

5. Topology-Energy decomposition: Topological Soliton as Con¬ 
volution 

The diverse roles of the quanta contributing into the energy and topology 
can be nicely visualized in a picture in which the soliton is defined as a 
convolution between topology and energy, i.e., 

soliton = ( topology ) * ( energy ) . 

The quantum mechanical meaning of the above decomposition is based on 
the fundamental theorem of convolution, namely that the Fourier-transform 
- which is the tool we need in order to promote classical c-numbers into 
creation and annihilation operators - of the convolution of two functions 
is just the product of the Fourier-transforms. This will convert the former 
classical relation into 


| sol) = |t) <g> (E), 

where 1 1) and | E) are coherent states constructed out of quanta carrying 
information about topology and energy, respectively. 

To illustrate this program explicitly, consider the kink solution (11711 . In 
order to disentangle the topology from the energy at the classical level we 
use the relation 

i rx i roo 

sign (x)*f(x) = +- f(x')dx'-- f(x')dx', (29) 

* J —oo ^ j X 

with sign(x) being the sign function. Using this expression, we easily get 



where the sign part represents the topology, whereas the sech 2 represents 
the energy component. It is important to note already at this level that 
the energy component has the profile of the square of the non-topological 
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soliton d2|) for the inverted potential. This tells us that this component has 
no knowledge about the topology. 

In order to move to quantum mechanics, we first define the Fourier- 
transform slightly changing the parametrization with respect to Q, 



Using now the fundamental convolution theorem, we get 

a k = — 1 = [-F(sign)] (k/m) [F(sech 2 )] {k/m ), (32) 

gy/-K V m 

with F representing the Fourier-transform, 

F(sech 2 ) = A«ch(A) (33) 

and 

F(sign) = ^. (34) 

k 

The expressions (1331) and (1341) carry information about the energetic and 
the topological composition of the soliton. Notice the pole at k = 0 in 
AMD - This pole encodes quantum information about the topology of the 
soliton. Namely, as before, topology comes from the infinite occupation 
number of zero-momentum corpuscles that support the momentum-flow in 
one direction. The only novelty in the convolution picture is that the pole 
is clearly attributed to one side (f-sector) of the decomposition. On the 
other hand, no such divergent part appears in (1331) . The contribution to 
this expression mainly comes from modes with momentum spread |A/c| ~ m 
and zero net momentum. This is the reflection of the fact that such modes 
contribute to the energy of the soliton without contributing to the topology. 
They do not support momentum flow in any direction. 

The above results lead us to the following representation for a k , 


where 


and 


— ffc Cfc , 


Ck = 


/ Tim —csch 
9 




(35) 

(36) 

(37) 
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We now define two sets of creation-annihilation operators t\. t k ■ and c[,, c k , 
which satisfy the standard algebra, [£&,£!/] = S(k — k') and [4,0] = 
5(k — k')m 2 and all other commutators vanishing. Next, we construct the 
corresponding coherent states, 

Ck\ck ) = c k \c k ) (38) 

and 

h\t) = tk\tk) , (39) 

where c k and t k are given by (1361) and (1371) . respectively. Since the operators 
c k and tk act on different Fock spaces, we can write the coherent state 
representing the soliton in the following form: 

|soZ) = \t) ® | E), (40) 

where 1 1) = life 14) and | E) = n fc |cfc). 

The quanta c k are not different from the constituents of non-topological 
solitons built on the zero topological sector. The state | E) is defined as a 
quantum coherent state relative to these quanta. The state 1 1) is just the 
coherent state |sign(x)). 

Let us pause and make a couple of comments on the meaning of the 
above coherent states. 

Formally, as a coherent state of f-quanta the state \t) is characterized 
by an infinite occupation number of zero momentum modes to\t) = oo|t) 
and can be interpreted as a sort of Bose sea. On the other hand note, that 
as a convolution the non-topological soliton can be trivially represented as 
5(x)*sech(x) and therefore we can proceed as we have done with the topolog¬ 
ical soliton and associate to it a quantum state \t) ® \E) with | E) exactly the 
type of coherent state associated to the non-topological soliton considered 
in the first section of the paper. This makes clear that from the energetic 
point of view topological and non-topological solitons are the same sort of 
coherent states. However, in the non-topological case the state 1 1) is trivially 
defined by tk\t n t) = | t n t) instead of t k \t) = We can thus think about 

the topological charge as of the order n of the pole at t k = o- Naturally, n = 0 
holds for the non-topological soliton. Under these conditions the topological 
stability reduces simply to the conservation of n. The coherent state under¬ 
standing of this conservation lies in the fact that a non-vanishing n requires 
an infinite Bose sea of quanta. 
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Secondly, we have to note, that operators defined as a*, = tkCk no longer 
satisfy the standard creation-annihilation algebra. This a priory is not nec¬ 
essarily a fatal problem, since the solitonic constituents are not propagating 
asymptotic degrees of freedom anyway. They only exist in form of the bound- 
state and are off-shell relative to their asymptotic counterparts as discussed 
in section 4. This is already clear from their dispersion relations. In particu¬ 
lar, due to time independence of the kink in 1 + 1 dimensions, they have zero 
frequencies, while having non-zero momenta. Such a dispersion relation is 
only possible for the interaction eigenstates. Among the free-particles, such 
a dispersion relation is exhibited by tachyons of momentum exactly equal 
to the absolute value of their mass. Or equivalently, tachyons moving at 
an infinite speed. Thinking of the solitonic constituents as of tachyons has 
certain appeal in the following sense. First, the tachyons cannot be the 
asymptotic S'-matrix states. They cannot exist in the free state, but only 
within the bound-state in form of the soliton, similarly to quarks that can 
only exist inside hadrons. Secondly, at the same time the zero-frequency 
tachyons move at infinite speed. That is, they create an instant momentum 
flow between the two spatial infinities and this is why they “smell” topology. 
However, the particular interpretation of the nature of constituents is not 
affecting the physical consequences of the coherent state picture. Therefore, 
we shall not insist on any of them. 


5.1. Orthogonality of Vacua with Different Topologies 

Again, the above construction automatically accounts for the fact that 
the soliton of topological charge different from 0 has vanishing overlap with 
any state with zero topological charge. Indeed, the scalar product of this 
coherent state with the vacuum is given by 

\{0\sol)\ 2 = e~ f dk ^ 2 . (41) 

Note now that according to (l+H) for the coherent state |i), we have ctk = tk, 
and because of the integral f dk\ak\ 2 = / dk/\k\ diverges. Thus, com¬ 
puting the overlap of the topologically-trivial vacuum with the topological 
coherent state we get 

|(0|t)| 2 = e~$ dkt V' k =0. (42) 

Obviously, by the same reason the overlap between the topological soliton 
and any other state constructed about the topologically-trivial vacuum is 
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also zero. For the coherent state | E) the average number of energy quanta 
can be defined as 

N = m~ 1 j d{k/m){E\c\c k \E) = , (43) 

which is of the same order as the number of quanta in the case of the non- 
topological soliton (fT2l) obtained earlier. 

5.2. Energy and Topological Charge 

We shall define the normalized topological number, i.e., the one repre¬ 
senting the different classes in the ttq of the vacuum manifold in terms of 
the topological quanta as simply the order of the pole of tk at k = 0 or 
equivalently by the Cauchi principal value, 

\Q\ = — ImPV J dk(t\t[tk\t) ■ (44) 

As explained above, the pole in tk at k = 0 implies the existence of a Bose 
sea with an infinite number of zero momentum t quanta and, therefore, with 
zero overlap with states defined by regular tk at k = 0 El • 

The energy is instead given by 

E s = J d{k/m){E\c\c k \E). (45) 

and it is equal to Note, that we can understand the energy of the soliton 

as a collective effect of N = 4^- quanta, each contributing a portion m to 
the energy. 

Since the energy only depends on the corpuscular quanta c*, we can 
define it as the expectation value of a corpuscular Hamiltonian H(dk, cjj in 
the coherent state | E). At leading order in 1/N the corpuscular Hamiltonian 
H can be approximated as 

H = • ( 46 ) 
k 


5 In general, we can use the convolution to define the topological charge as follows. 
Given a solitonic classical field configuration we look for a non trivial representation of 
type / * g, where neither / nor g are delta functions and where one of the two functions, 
let us say g, is a gradient. In these conditions topology is associated with /. Denoting 
Fk its Fourier coefficients the topological charge is determined by the singularity of Fk at 
k = 0. Moreover the role of the vacuum in the topologically non trivial Hilbert space is 
played by the Bose sea coherent state defined by Fk=o- 
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It is instructive to view the corpuscular structure of the soliton in the 
light of many-body physics. A generic corpuscular Hamiltonian can schemat¬ 
ically be visualized as 

c'\dk + interaction terms , (47) 

k 

where prime indicates that in general we are taking 1/N effects into account. 
The “interaction terms” stands for up-to-quartic momentum-conserving con¬ 
tractions (e.g., Efc 1 ,fc 2 ,fc 3 c , fc 1 c'I 2 c'fc 3 c 'li+fc 2 -fe 3 + Then the soliton corre¬ 
sponds to a state with distributions of c^-numbers over which the Hamilto¬ 
nian is effectively diagonal and takes up the form (|46p . up to 1/N corrections. 

Finally, let us discuss the zero mode from the corpuscular point of view. 
This mode corresponds to translations of the soliton profile in the ^-direction 
and it is the Nambu-Goldstone mode of broken translations. At the corpus¬ 
cular level such a transformation simply amounts to redefining the corpus¬ 
cular operators by a phase, q, —> e lkb Ck , where b is the displacement of 
the profile along the x-direction. Clearly, (146(1 is invariant under this (7(1) 
transformation, as it should be. 

5.3. Convolution of Field Operators 

At the quantum level the former representation of the soliton configura¬ 
tion as a convolution of topology and energy implies the following represen¬ 
tation of the quantum field operator 4>(x), 

f>(x) = (f> E (x) *ct>t(x ), (48) 

where we write the field operator <f{x) as the convolution of two field oper¬ 
ators, one defining the quantum portrait of the energy, and the other one, 
the quantum portrait of the topology. In particular, note that the energy of 
the soliton only depends on i j)E{x) as E = f dx{cf> 2 E {x)) with the expectation 
value defined on the soliton quantum state. In addition, the topological field 
4>t(x) satisfies the equation 

d(f> t {x) = ±\Q\K X ) (49) 

where \Q\ is given in equation (1441) and ± correspond to soliton and anti- 
soliton, respectively. Thus the derivative distinguishes between solitons of 
opposite topological charges at the corpuscular level. Note that this equation 
is telling us how the topological charge is sourcing the topological compo¬ 
nent in the convolution. It is this equation that fixes the relation between 
the topological charge and the residue of the pole in the Fourier-transform, 
namely F{(ft{x)){k) ~ Q/k , i.e., the divergence in the number operator. 
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6. Quantum meaning of soliton-anti-soliton interaction 

Let us now understand the corpuscular meaning of soliton-anti-soliton 
interaction using the language of coherent states. The soliton-anti-soliton 
configuration solving the classical equations of motion is not known exactly. 
In general, such a configuration is not static. However, we can ignore this 
complication and estimate the interaction between the solitons using the 
classical Lagrangian. The natural question raised by the previous quantum 
representation of the soliton lies in understanding the quantum corpuscu¬ 
lar meaning of interaction energy without directly using the Lagrangian 
information. 

Let us start with the soliton-anti-soliton classical configuration which 
we shall approximate by two static solutions separated by a finite distance, 
a m -1 , 

cf) S) s = — ^tanh(m(x + a/2)) — tanh(m(a; — a/2) — 1^ . (50) 

This can be viewed as a “bubble” of the 4> = +m/g vacuum of size ~ a 
surrounded by 0 = —m/g asymptotic vacuum. The coherent state data 
corresponding to this configuration is, 

a k = ^«sch(|^) (l - . (51) 

Of course, expanding (1501) in plain waves with coefficients (I51|) and evaluating 
it in (1551) gives back the correct classical profile after promoting the a k to 
operators as before. The pole at k = 0 is removed, which immediately 
implies that the topological charge of this configuration vanishes. 

Since the soliton-anti-soliton system has zero topological charge, the in¬ 
teraction energy can be estimated from the overlap of the energy parts of 
the coherent state. We can derive the exponential suppression of the soliton- 
anti-soliton potential by estimating the matrix element 

(E\H\E) a , (52) 

where | E) a stands for the energy part of the displaced anti-soliton which 
is the same as the one of the soliton. This matrix element can be easily 
estimated by taking into account the following facts. First, the soliton differs 
from the anti-soliton by the reflection of the sign. 

Secondly, as noticed before, the translation amounts to the phase shift 
change c k —>• e iak c k . Moreover, the soliton and anti-soliton at large separa¬ 
tion are approximately eigenstates of the Hamiltonian. Thus, the interaction 
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among the solitons amounts to the overlap of the two sets of coherent states 
with | c k ) and \e iak c k ) which from the well-known properties of coherent 
states gives 


J(c k \e iak c k )\ 2 


e -2 / dk \c k | 2 (l-cos(afc)) 


(53) 


k 


Taking into account the expression for c k , we get 


J(c k \e iak c k )\ 2 


exp( — 2E S + 32^ r (am)e 2am ) 

g 


(54) 


where E s is given in equation (|45D . This expression is in agreement with the 
standard Lagrangian computation. 

The alternative way of estimating the interaction energy is the following. 
From the energetic point of view we can associate with the soliton and the 
anti-soliton two corpuscular algebras c k , cj, and c k , c),. In the limit of large 
a the soliton-anti-soliton quantum state can be defined as 


|s,s) = |soZ) <g> |so£) (55) 

with c k \s,s) = (|t s ) <g> c k \E s )) <8 (|t<,) <8 |-E 5 )) and c fc |s,s) = (| t s ) <8 | E s )) <8 
(|t s ) (8) c k \E s )) leading to 


Ck\s, s ) = e mk/2 J^—csdi(^-') |s, s) (56) 

V 7r gm \2mJ 

and 

c k \s, s) = — e ~ mk / 2 nk each \ s, s) . (57) 

V 7r gm \Zm/ 

The corpuscular Hamiltonian in this approximation becomes simply 

H = j d(k/m ) (c\c k + c\c k + c\c. k + cj)cfc) , (58) 

where the interaction piece is manifest in the crossed terms between the two 
types of quanta c and c. Evaluated on the state |s, s) we get 

H = 2E s -^-(—1 + (am)coth(am))csch 2 (am). (59) 

g 2 

For large a we obtain 

3 

2E S - 32^-(am)e~ 2am , (60) 

9 2 
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which fully agrees with (154|) . Replacing E s by N we can estimate when 
the interaction among the solitons becomes order one, i.e., when the effect 
of the interaction is equivalent to replacing 2N by 2N — 1. This happens 
for am ~ In (IV). As it is well known this fact underlies the logarithmic 
corrections in the soliton anti-soliton sector [5|. 

At this point we shall briefly make few remarks on the a-dependence 
of the interaction. In contrast to an isolated soliton, for which the en¬ 
ergy is translationally invariant, for the soliton-anti-soliton the interaction 
term —32^-(am)e“ 2 “ occurs. This term simply reflects the fact that the 
effective potential between the soliton and anti-soliton is attractive. The 
distance a between them determines the interaction strength. Due to this 
a-dependent interaction the energy is no longer invariant under the change 
of the relative position. Thus, there exists a quasi zero mode (a pseudo- 
Goldstone boson), which only becomes a true Goldstone mode in the limit 
a — >• oo. At the level of the corpuscular Hamiltonian (|58l) it is easy to see that 
the breaking of translational invariance is due to the interference terms ctcfc 
that are mixing corpuscles of both solitons. As explained before, shifting 
of the soliton profile corresponds to a phase shift of the corpuscular opera¬ 
tors. Thus, shifting both operators in the opposite direction by an amount 
b changes the energy by an amount AH = f dk(e lk 2 b c i k Ck + h.c.). In con¬ 
trast shifting both profiles in the same direction will not change the energy 
of the system. Therefore, the interference terms explicitly break symmetry 
U(l)s x U( 1)5 —>• U(l)diag, resulting in the existence of one zero mode and 
one quasi zero mode. 

7. Outlook 

In this paper we have displayed an attempt of uncovering the quantum 
origin of topology at the microscopic level. For this purpose we have devel¬ 
oped a coherent state representation of both topological and non-topological 
solitons and confronted them with each other. This construction allowed us 
to clearly identify the quantum origin of topological charge in terms of the 
singularity in the occupation number of infinite wavelength corpuscles with 
net momentum flow in one direction. After this identification, many prop¬ 
erties of solitons, such as conservation of topological charge or false vacuum 
instability via nucleation of non-topological solitons (bubbles), nicely follow 
from the basic properties of the coherent states. 

Our results can be straightforwardly generalized to higher co-dimension 
cases. In each case, the topological charge is related to the singularity 
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in occupation number of infinite wavelength quanta with the net non-zero 
Noether quantum number, such as, e.g., momentum or angular momentum. 
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